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Abstract
We analyze the structure of the boundary terms in the conformal anomaly integrated
over a manifold with boundaries. We suggest that the anomalies of type B, polynomial
in the Weyl tensor, are accompanied with the respective boundary terms of the Gibbons-
Hawking type. Their form is dictated by the requirement that they produce a variation
which compensates the normal derivatives of the metric variation on the boundary in order
to have a well-defined variational procedure. This suggestion agrees with recent findings
in four dimensions for free fields of various spin. We generalize this consideration to six
dimensions and derive explicitly the respective boundary terms. We point out that the
integrated conformal anomaly in odd dimensions is non-vanishing due to the boundary
terms. These terms are specified in three and five dimensions.
e-mail: Sergey.Solodukhin@lmpt.univ-tours.fr
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1 Introduction
As is well-known the variational principle for the bulk action which includes functions of the
Riemann curvature is not well defined in the presence of boundaries. The variation of the
curvature produces a normal derivative of the metric variation on the boundary. The elimination
of this term by fixing, additionally to the metric itself on the boundary, also its normal derivative
makes the problem over constrained so that no non-trivial solution to the corresponding field
equations exists. A way out was found by Gibbons and Hawking [1] in 1977. They suggested
that one has to add a boundary term which depends on the extrinsic curvature of the boundary.
The role of this term is to cancel the unwanted normal derivatives of the variation of metric.
This term for the Einstein-Hilbert action, linear in the curvature, is now known as the Gibbons-
Hawking term.
For more general functions which may include polynomials and derivatives of the curvature
the appropriate boundary term was found in [2]. In [2] it was used the fact that, by adding
auxiliary fields, any function of the curvature can be re-written in a form linear in the Riemann
tensor. This allowed to derive a universal form for the boundary term in a very general class of
theories.
One of the interesting functionals of the curvature is the integrated conformal anomaly. The
local form of the anomaly in four dimensions was established in works of Duff and collabo-
rators, [3]. The general classification of the anomalies made in [4] considers two types of the
anomaly. The anomaly of type A is given by the Euler density while the anomaly of type B
is constructed from the Weyl tensor Wαβµν and its covariant derivatives. In the presence of
boundaries one may use the extrinsic curvature of the boundary to construct the conformal in-
variant quantities. More precisely, it is the traceless part Kˆµν = Kµν− 1d−1γµνK of the extrinsic
curvature (γµν is the induced metric on the boundary) that transforms homogeneously under
conformal transformations, Kˆµν → eσKˆµν if gµν → eσgµν . Thus, in d dimensions the integrated
conformal anomaly may have the following general form
∫
Md
√
g 〈Tµν〉 gµν = a χ(Md) + bk
∫
Md
√
γIk(W )
+b′k
∫
∂Md
√
γJk(W, Kˆ) + cn
∫
∂Md
√
γKn(Kˆ) , (1)
where χ(Md) is the Euler number of manifold Md , Ik(W ) are conformal invariants constructed
from the Weyl tensor, Kn(Kˆ) are polynomial of degree (d − 1) of the trace-free extrinsic
curvature. In this note we suggest that in some appropriate normalization b′k = bk and that the
corresponding boundary term Jk(W, Kˆ) is in fact the Hawking-Gibbons type term for the bulk
action Ik(W ). In dimension d = 4 this suggestion can be tested by comparing our result with
the direct calculation performed recently by Fursaev [5] for free fields of various spin (for scalar
2
fields this was done earlier by Dowker and Schofield [6]). We then extend our consideration to
dimension d = 6 and derive the exact form for the boundary terms Jk(W, Kˆ).
Thus, in the presence of boundaries the only new conformal charges which appear to emerge
are cn that are related to the conformal invariant expressions constructed from the trace free
extrinsic curvature. The respective terms in the anomaly are interesting since they are present
even in flat spacetime. However, as shows the example of scalar field in d = 4 these charges
may depend on the choice of the boundary conditions. Therefore, their invariant meaning is
not very clear. It would be interesting to associate these charges with certain structures which
appear in the correlation functions of the CFT stress-energy tensor when boundaries are present.
Answering this question, however, goes beyond the scope of the present short note.
2 Gibbons-Hawking type boundary terms
In this section we briefly review the construction given in [2] and then adapt it to the invariants
constructed from the Weyl tensor. This construction uses the fact that by introducing the
auxiliary fields any function of the curvature can be re-written in the form which is linear in the
Riemann tensor. In the cases we are interested in this paper it is sufficient to add two auxiliary
fields Uαβµν and Vαβµν . The bulk terms then takes the form
Ibulk =
∫
Md
(
UαβµνRαβµν − UαβµνVαβµν + F (V )
)
, (2)
where the exact form of F (V ) depends on the original form of the action. Then, according
to [2] in order to cancel the normal derivatives of the metric variation on the boundary under
variation of (2) one should add the corresponding boundary term,
Iboundary = −
∫
∂Md
UαβµνP
(0)
αβµν , P
(0)
αβµν = nαnνKβµ − nβnνKαµ − nαnµKβν + nβnµKαν . (3)
If the bulk invariant is expressed in terms of Weyl tensor only, the above procedure produces
the following result for a manifold with boundary
I[W ] =
∫
Md
(
UαβµνWαβµν − UαβµνVαβµν + F (V )
)−
∫
∂Md
UαβµνPαβµν , (4)
where we introduced
Pαβµν = P
(0)
αβµν −
1
d− 2(gαµP
(0)
βν − gανP (0)βµ − gβµP (0)αν + gβνP (0)αµ ) (5)
+
P (0)
(d− 1)(d− 2)(gαµgβν − gανgβν) ,
P (0)µν = nµn
αKαβ + nµn
αKαν −Kµν − nµnνK , P (0) = −2K ,
3
where we used that nαnβKαβ = 0. Pαβµν has same symmetries as the Weyl tensor. In particular,
P αµαν = 0.
An interesting property of Pαβµν is that it does not change if we redefine extrinsic curvature,
Kµν → Kµν − λγµν , Pαβµν → Pαβµν , (6)
where γµν = gµν−nµnν is the induced metric on the boundary. Under the conformal transforma-
tions, gµν → e2σgµν , the extrinsic curvature changes as Kµν → eσ(Kµν −γµνnα∂ασ). Therefore,
the invariance (6) indicates that Pαβµν is a conformal tensor which transforms homogeneously
under the conformal rescaling of metric, Pαβµν → e3σPαβµν . Invariance (6) also means that Pαβµν
can be rewritten entirely in terms of the trace free extrinsic curvature Kˆµν = Kµν − 1d−1γµνK .
The latter is of course consistent with the conformal symmetry of Pαβµν .
Let us consider some example.
1. I[W ] =
∫
Md
Tr (W n). In this case we have
F (V ) = Tr (V n) , V = W , U = nW n−1 . (7)
After resolving equations for V and U one finds for a manifold with boundary
I[W ] =
∫
Md
Tr (W n)−
∫
∂Md
nTr (PW n−1) , (8)
where P is defined in (5).
2. I[W ] =
∫
Md
Tr (WW ). In this case we have
F (V ) = Tr (VV ) , V =W , U = 2W (9)
and after resolving equations for V and U we find
I[W ] =
∫
Md
Tr (WW )− 2
∫
∂Md
Tr (PW ) . (10)
These examples will be useful in the subsequent sections.
3 Conformal anomaly in d = 4
In four dimensions the local form of the anomaly is well-known
〈T 〉 = − a
5760pi2
E4 +
b
1920pi2
TrW 2 ,
E4 = RαβµνR
αβµν − 4RµνRµν +R2 ,
TrW 2 = RαβµνR
αβµν − 2RµνRµν + 1
3
R2 , (11)
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In this normalization a scalar field has a = b = 1. The integrated conformal anomaly contains
the bulk integrals of the rhs of (11) and some boundary terms. In particular, the bulk integral of
E4 is supplemented by some boundary terms to form a topological invariant, the Euler number,
χ[M4] = 1
32pi2
∫
M4
E4
− 1
4pi2
∫
∂M4
(KµνRnµnν −KµνRµν −KRnn + 1
2
KR − 1
3
K3 +K TrK2 +
2
3
TrK3) , (12)
where Rµnνn = Rµανβn
αnβ and Rnn = Rµνn
µnν . This form for the boundary terms was found
in [6].
On the other hand, the integral of the Weyl tensor squared should be supplemented by a
boundary term as we explained in the previous section, see eq.(8) for n = 2,
∫
M4
TrW 2 − 2
∫
∂M4
Tr (WP ) . (13)
The properties of the Weyl tensor insure a simplification:
Tr (WP ) = Tr (WP (0)) = 4W µναβnµnβKˆνα .
As for the boundary term constructed from the traceless part of the extrinsic curvature, in four
dimensions there exists only one such term, Tr Kˆ3 .
Bringing everything together we arrive at the following form for the integrated conformal
anomaly in four dimensions,
∫
M4
〈T 〉 = − a
180
χ[M4] + b
1920pi2
(∫
M4
TrW 2 − 8
∫
∂M4
W µναβnµnβKˆνα
)
+
c
280pi2
∫
∂M4
Tr Kˆ3 .(14)
The important point here is the balance between the bulk TrW 2 term and the boundary term
Tr (WP (0)). This balance can be tested by comparing with the direct calculation performed
recently by Fursaev [5] for free fields of spin s = 0, 1/2, 1. In all these cases an exact agreement
with our general result (14) is found.
In the normalization used in (14) the value of charge c, as calculated in [5], is c = 1 for scalar
with Dirichlet boundary condition (and c = 7/9 for a conformal Robin boundary condition),
c = 5 for the Dirac fermion and c = 8 for a gauge vector field.
It should be noted that, in general, in the local form of the anomaly (11) there may appear
a total derivative term R . If integrated it will produce a boundary term
∫
∂M4
nµ∂µR which
is not conformal invariant. No such term has appeared in the free field calculation of [5].
Apparently, the reason is that even though this total derivative term may be present in the
local form of the anomaly, when integrated, it is canceled by exactly same boundary term. It
would be interesting to see whether the mechanism of this cancellation is general.
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4 Conformal anomaly in d = 6
In a generic conformal field theory in d = 6 the local form for the trace anomaly, modulo the
total derivatives (TD), is a combination of four different terms, see [7],
〈T 〉 = A = aE6 + b1I1 + b2I2 + b3I3 + TD , (15)
where E6 is the Euler density in d = 6 and we defined
I1 = Tr 1(W
3) = WαµνβW
µσρνW αβσ ρ ,
I2 = Tr 2(W
3) = W µναβ W
σρ
µν W
αβ
σρ ,
I3 = Tr (WW ) + Tr 2(WXW ) , X
µν
αβ = X
[µ
[αδ
ν]
β] , X
µ
ν = 4R
µ
ν −
6
5
Rδµν . (16)
In general there are two independent ways to define a product of Weyl tensors. That is why we
have two different invariants I1 and I2 . Both invariants, formally, can be written in the same
form TrW 3 for each definition of the product. For the trace of a product of two Weyl tensors
these two definitions are the same.
The list of possible total derivatives which may appear in the anomaly (15) is available in [7].
Whether all of them contribute to the integrated conformal anomaly is an interesting question.
We will, however, ignore them in our discussion.
In the integrated conformal anomaly the bulk integrals of the rhs of (15) are supplemented
by certain boundary terms. One group of these terms is such that in a combination with integral
of E6 it produces the topological Euler number of 6-dimensional manifold with a boundary.
The exact form of these terms can be extracted from the general formula available in [6]. More
explicit expressions in higher dimensions (including d = 6) are available in a recent paper [8].
The boundary terms that accompany the bulk integrals of Ik , k = 1, 2, 3 in the integrated
conformal anomaly can be obtained by same arguments as in section 2, see eqs.(8), (10). The
result for the integrated anomaly is1
∫
M6
〈T 〉 = a′χ[M6] + b1
(∫
M6
Tr 1W
3 − 3
∫
∂M6
Tr 1(PW
2)
)
(17)
+b2
(∫
M6
Tr 2W
3 − 3
∫
∂M6
Tr 2(PW
2)
)
+b3
(∫
M6
Tr (WW )− 2
∫
∂M6
Tr (PW ) +
∫
M6
Tr 2(WXW )−
∫
∂M6
Tr 2(WQW )
)
+c1
∫
∂M6
Tr Kˆ2Tr Kˆ3 + c2
∫
∂M6
Tr Kˆ5 ,
1There may also exist an additional invariant, not included in (17), that contains derivatives of extrinsic
curvature, similarly to invariant I3 in the bulk. It should be possibly to find exact expression for this invariant.
We thank A. Waldron and K. Jensen for discussions on this point.
6
where a′ is the appropriately normalized charge a and we introduced
Q µναβ = Q
[µ
[αδ
ν]
β] , Qµν = 4P
(0)
µν −
6
5
P (0)gµν . (18)
It would be interesting to test (17) for free fields or in a calculation using holography.
5 Conformal anomaly in odd dimensions
In odd dimensions the local conformal anomaly vanishes since there are no local invariants
constructed from the curvature with appropriate scaling. However, the integrated conformal
anomaly is, in general, non-vanishing due to the boundary terms. These terms can be con-
structed from the intrinsic curvature of the boundary, the extrinsic curvature and the bulk
curvature. Let us consider some examples.
Dimension d = 3. If the boundary is a two-dimensional compact surface there are two possible
boundary terms which are conformal invariant: the Euler number of the boundary and the trace
of a square of the trace-free extrinsic curvature, Kˆij = Kij− 1d−1γijK , here we use the projection
on the boundary so that indexes i, j are along the two-dimensional surface. Thus in this case
the possible form of the anomaly is
∫
M3
〈T 〉 = c1
96
χ[∂M3] + c2
256pi
∫
∂M3
Tr Kˆ2 , (19)
where χ[∂M3] = 14pi
∫
∂M3
Rˆ is the Euler number of the boundary, Rˆ is the scalar curvature of the
boundary metric. For a conformal scalar we find c1 = −1 and c2 = 1 for the Dirichlet boundary
condition and c1 = 1 and c2 = 1 for the conformal Robin condition, (∂n+K/4)φ|∂M3 = 0. We
used the form for the heat kernel coefficient a3 found in [10] when derived this result for the
scalar field.
Dimension d = 5. In five dimensions there are quite a few possible conformal invariants. We
list some of them below∫
M5
〈T 〉 = c1χ[∂M5] +
∫
∂M5
[c2TrW
2 + c3WαnβnW
α β
n n + c4W
αµβνKˆαβKˆµν
+c5( Tr Kˆ
2)2 + c6Tr Kˆ
4 + c7Tr (KˆDKˆ) + c8WnαβµW αβµn ] , (20)
where Wαnβn =Wαµβνn
µnν and
DKˆij = ∇ˆ2Kˆij + 1
6
RˆKˆij − (RˆikKˆkj + RˆjkKˆki ) +
1
2
γijRˆ
kmKˆkm
−2
3
(∇ˆi∇ˆkKˆkj + ∇ˆj∇ˆkKˆki ) +
1
3
γij∇ˆk∇ˆmKˆkm (21)
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is the conformal operator acting on trace-free symmetric tensors in four dimensions, see for in-
stance [11], the covariant derivatives are defined with respect to intrinsic metric on the boundary.
We can not exclude that some other conformal invariants constructed from the derivatives of ex-
trinsic curvature may exist2. It would be certainly interesting to compute the boundary charges
ck in some particular cases in five dimensions.
6 Conclusions
In this note we suggested that the boundary terms that correspond to the anomaly of type
B and appear in the integrated conformal anomaly are of the Gibbons-Hawking type. In four
dimensions we have found the corresponding term to agree with a free field calculation in [5].
In six dimensions the boundary terms corresponding to the conformal invariants I1 , I2 and I3
have been found explicitly.
On the other hand, the local anomaly of type A, if integrated, is completed by a boundary
term to reproduce the topological Euler number for a manifold with boundaries. A general
formula for the boundary term in the Euler topological characteristic can be found in [6] and [8].
Taking the importance of the problem it would be very interesting to formulate a classi-
fication theorem for the conformal boundary invariants similar to the one that exists for the
bulk conformal invariants. For a recent progress in this direction see [9], where a number of
conformal hypersurface invariants were proposed including the extrinsic analogs of the Paneitz
operator and all higher Laplacian powers. It would be nice to make a bridge between these
mathematical studies and the physics approach developed in this note.
On the physics side, an interesting open question which seems to remain is what is the in-
variant meaning of the boundary charges ck that correspond to the boundary terms constructed
from the trace free part of the extrinsic curvature. These boundary terms do not have a bulk
counterpart and the corresponding charges appear to be unrelated to any conformal charges in
the bulk. A reasonable guess is that ck are some new charges which characterize the conformal
theory in the presence of a boundary. Possibly, they are related to certain structures in the
correlation functions of the CFT stress-energy tensor when they are restricted to the boundary.
A similar question arises for the boundary charges in odd dimensions. It would be interesting
to understand better these issues.
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